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Abstract

For a graph G = (V,E) and a positive integer k, a set S C V is a k-extended dominating
set if every vertex lies within distance one of S or has at least k distinct members of S at
distance two. The minimum cardinality of such a set is denoted by 7%(G). For k = 2, a
connected induced subgraph on S gives an extended connected dominating set. This paper
studies structural properties of extended connected dominating sets in interval graphs whose
intervals are ordered by nondecreasing right endpoint. An ordered sweep algorithm is
presented for constructing a minimum extended connected dominating set under the stated
selection invariants. With presorted interval endpoints and forward-only scan pointers, its
running time and auxiliary storage are O(n). A railway-track monitoring example illustrates
how the interval model can select a small connected sensor backbone while retaining two-hop
redundancy. The application is illustrative and assumes a linear track, deterministic overlap,
and equal communication ranges.
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1| Introduction

Graph theory provides a foundational framework for representing and examining complex
systems found in numerous fields, including computer science, biology, and social network
exploration. A key concept within this area is the dominating set, which is instrumental
in exploring the structure and dynamics of graphs. Dominating sets are useful in real life
for improving network design, picking the best spots for setting up services or buildings,
and making computer programs work more efficiently.

Let G = (V, E) be a graph, where V represents the set of vertices (nodes) and E represents
the set of edges (links). Throughout this paper, we assume that G is a connected graph
without self-loops and parallel edges.

For a vertex w € V(G), the open neighborhood of w is denoted by Ng(w) and is defined
as
Ng(w) = {u € V(G) : (u,w) € E(G)}.

The closed neighborhood of w is denoted by Ng[w] and is given by
Ne[w] = No () U {w}.

Domination is an important concept in graph theory and has attracted significant attention
from researchers. A subset D C V(G) is called a dominating set (DS) of G if every vertex in
V(G) — D is adjacent to at least one vertex in D. In other words, a vertex v € D dominates
all vertices in its closed neighborhood Ng[v]. The main objective of the domination
problem is to find a dominating set with the smallest possible number of vertices.

The concept related to the domination number (G) was first discussed by Berge [1].
Later, the terms dominating set and domination number were formally introduced by Ore
[2]. A comprehensive study of domination in graphs was presented by Haynes et al. [3],
which summarized a large number of research works in this area.

If the subgraph induced by a dominating set is connected, then it is called a connected
dominating set (CDS). In a CDS, every pair of vertices in the dominating set is connected
either directly or through other vertices in the set. Connected dominating sets are widely
used in wireless networks as a virtual backbone for communication, such as broadcasting
messages [4], searching in reduced spaces, and covering regions in sensor networks [5].
In wireless sensor networks, due to the promiscuous receiving mode, when each node in
a CDS forwards a packet once, the packet can reach all nodes in the network.

The term connected domination number was first introduced by Sampathkumar and Walikar
[6]. Over time, many variations of domination have been studied in the literature, includ-
ing secure domination, perfect domination, connected domination [7], edge domination,
extended domination, k-hop domination [8, 9, 10], k-tuple domination, weighted dom-
ination, paired domination, independent domination, Roman domination [11], inverse
Roman domination [12], total domination [13], isolate domination [14], k-efficient domi-
nation [11], restrained domination [15], and independent line-set domination [16]. Slater
referred to k-hop dominating sets as k-bases [10]. Several properties and results related to
domination in graphs can be found in the literature [3], [17-26].

Let G be a graph and let k be a positive integer. A subset S C V(G) is called a k-extended
dominating set if every vertex u € V(G) satisfies at least one of the following conditions:
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1. The distance between u and some vertex in S is at most one, or

2. There exist at least k distinct vertices vy, vy, ..., vx € S such that the distance between
u and each v; is two.

The k-extended domination number, denoted by 7% (G), is the minimum cardinality among
all k-extended dominating sets of G. When k = 2, the set is simply called an extended
dominating set (EDS), and the corresponding minimum size is called the extended domination
number of G.

In other words, a dominating set S is an extended dominating set if every vertex in the
graph either belongs to S, has a neighbor in S, or has at least two vertices in S at distance

two. If such a set S is connected, then it is called an extended connected dominating set
(ECDS, in short).

Figure 1. A connected graph.

In Figure 1, {u,v,b,z} is a CDS, whereas {u, v} is an ECDS because each of the vertices a
and d is at distance two from both u and v.

In this article, we delve into the theory and applications of extended dominating sets in
graphs. We also focus on designing algorithm for computing a minimum ECDS of interval
graphs.

Interval graphs. An interval graph (IG) is the intersection graph of a family of closed
1ntervals on the real line. Let [; = [a;,b;],j = 1,...,n, with a; < b;. A vertex v; represents

i,and v;v; € E(G) exactly When LN # @. Throughout the algorlthmlc sections, the
intervals are indexed by nondecreasing right endpoint,

by <bp <--- < by,

with ties broken by nondecreasing left endpoint. This ordering is essential for the struc-
tural lemmas and the sweep implementation. Figure 2 shows an interval graph together
with an interval representation.

In operations research and scheduling theory, interval graphs are commonly used to model
resource-allocation problems. Each task—such as assigning a network link, a classroom, or
a processor—is represented by a time interval. Other applications include file organization,
job scheduling, protein sequencing, DNA mapping, circuit design, temporal reasoning,
and network routing [27-33].

We recall a key result for IG G = (V, E) presented in below.
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—r Lig

Figure 2. An example of IG and its interval model.

Lemma 1.1. Let [;, I;, Iy be intervals in the right-endpoint ordering with i < j < k. If v; is
adjacent to vy, then v; is adjacent to vy. The vertices v; and v; need not be adjacent.

Proof. Since I; N Iy # @, we have a; < b;. The ordering gives b; < b]- < by, while aj < b]-.
Hence a; < bjand a; < by, so [; N Iy # @. O

Literature review. Connected dominating sets and their approximation have been studied
extensively; Guha and Khuller [34], for example, developed approximation algorithms for
the classical connected dominating-set problem. Fink and Jacobson [35] studied related
distance-sensitive domination parameters. These concepts provide historical context, but
the distance-two redundancy condition used here is the specific extended-domination
definition stated above.

Subsequently, Wu [36] investigated routing schemes based on extended dominating sets
for ad hoc wireless networks with unidirectional links in 2002. Later, Wu et al. [37]
further examined extended dominating sets and their applications to ad hoc networks,
particularly in the setting of cooperative communication.

More recently, Gao et al. [38] (2023) determined the exact values of extended domination
numbers for paths and cycles. They also established several bounds for these parameters
in planar graphs with small diameters.

Applications.

Extended dominating sets play a vital role in several real-world applications, including
communication networks, facility placement, and social network analysis. In network
design, they are used to strategically position key nodes to improve message delivery
efficiency and ensure the system remains robust against failures. When it comes to locating
essential services like hospitals, schools, or distribution hubs, extended dominating sets
help in selecting sites that offer the best coverage and accessibility for the community. In
the context of social networks, these sets help identify central or influential users, which
can be valuable for targeted marketing and understanding how information or trends
spread through the network. Utilizing extended dominating sets allows for the creation
of more efficient, resilient, and optimized systems across various domains.

Main outcome. In this article, we investigate several new properties of extended con-
nected dominating sets in interval graphs. We then propose an algorithm to determine
a minimum extended connected dominating set for such graphs. The correctness of the
proposed algorithm is also established.

Furthermore, we analyze the time complexity and space requirements of the algorithm. In
addition, a practical application is presented to demonstrate the usefulness of our results.
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In particular, we consider the problem of efficient monitoring of railway tracks using
wireless sensors, which is modeled through interval graphs and extended connected
dominating sets.

Finally, we illustrate the applicability of our findings through a real-world example.

Structure of this paper. Section 2 introduces the notation. Section 3 presents structural
properties of extended connected dominating sets in interval graphs. Section 4 gives the
algorithm, and Section 5 discusses correctness and complexity. Section 6 presents the
railway-monitoring illustration, and Section 7 concludes the paper.

21 Notations

The notation used in the algorithm is summarized in Table 1.

Table 1. Notation for the ordered interval model.

Symbol Meaning

IG Interval graph

DS, EDS Dominating set and extended dominating set

CDsS, ECDS Connected dominating set and extended connected dominating
set

Amin Minimum left endpoint among all intervals

N(v), N[v] Open and closed neighborhoods of v

d(x,y) Shortest-path distance between vertices x and y

m(Iy) Highest-indexed interval adjacent to I in the right-endpoint
ordering

m?(Ir) m(m(Ii))

m3, 4 (I) Second-highest-indexed interval adjacent to m(Ii), when it exists

3| Structural Properties of Minimum Extended Con-
nected Dominating Sets in Interval Graphs

Here, we explore some key results related to the minimum extended connected dominat-
ing set on IGs.

Lemma 3.1. If m(Iy) = I, then {v, } is a minimum ECDS of G.

Proof. The condition m(I;) = I, implies v1v, € E. By Lemma 1.1, every intermediate
vertex vj, 1 <j<mn,is adjacent to vy,. Thus {v, } is a connected dominating set and hence
an ECDS. No nonempty feasible set can have cardinality below one, so it is minimum. []

Lemma 3.2. If m?*(Iy) and m3_4(Iy) exist, their corresponding vertices form the rightmost
candidate pair used by the initial sweep step.

Proof. For the interval graph, suppose m?(I;) and m3,,(I;) exist. Also, let m(I;) = I,
m?(I;) = I, and m3 _,(I) = I,. So, (v1,vx) € E, (vx,v,) € Eand (vy,v:) € Eand 1 < x <
y < z. In addition, v is not adjacent to both v, and v,. Therefore, d (v, v,) = 2 = d(vy, v2).
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In addition, d(vt,vy) < 2 and d(v,v;) < 2, where 1 <t <y < z. So, all the vertices v;,
i =1,2,...,z are extended connected dominated by the set {Uy, v.}. Also, vy and v, are,
respectively, the maximum and next-to-maximum indexed adjacent vertices of vy. So,
vy and v; can extended dominate some other vertices whose indexed are greater than z.
Therefore, vy, v, are two possible members of Dec. ]

Lemma 3.3. If m3_,(Iy) does not exist, the vertices corresponding to m(Iy) and m?(Iy) form the
alternative initial candidate pair.

Proof. Let m(I;) = I, and m?(I;) = I,. Then v1v, € E and v,v, € E, so the pair {vy, vy}
is connected. In the ordered sweep, vy covers the first frontier and v, reaches the farthest
available right endpoint from v,. Therefore this pair is the alternative considered when a
second highest-indexed successor of Iy is unavailable. O

Lemma 3.4. Suppose v; and vj, i < j, are consecutive selected vertices and m(I;) = I. If (bj, by]
contains the left endpoint of an unprocessed interval, then the sweep selects vy next.

Proof. For an interval graph G, let v; and v}, i < j be two consecutive selected members of
D,,.ec and m(I]-) = I;. Now, if there is no left endpoint of any intervals (present in interval
representation) in the interval I = (bj, b;), then no need to select any other vertices as
members of D,,... But, if the interval I = (b]-, by) contains at least one left endpoint of any
intervals, say b; < ay < by, in the interval representation, then (v;, vx) € E, but (vj,vx) € E
(vi,vx) ¢ E. So, vy is not extended dominated by v; or v;. So, at least one more vertex is
need to select as a member of D,,,.. Since, m(I]-) = I}, so, vy will be the next member of
Diec. U

4| Algorithm

The algorithm starts with one of the two candidate pairs identified in Lemmas 3.2 and 3.3,
unless Lemma 3.1 gives a singleton solution. It then advances the right frontier according
to Lemma 3.4. All indices refer to the nondecreasing right-endpoint ordering.

We now present the final algorithm for computing a minimum extended connected
dominating set Dy, for interval graphs. The complete algorithm is given below.

Algorithm MECDSIG
Input: Interval representation [a;, bj], j = 1: 1 : n of the interval graph G.
Output: An extended connected dominating set D, of G.
Step 1: First, set D,c = @ and k = 1.
Step 2: Set a scanning interval I = [I,,, ], where [, = amin and r, = by.
Step 3: Scan [ and find j = max{i # 1:a; € I}.
Step 4: Set m*(I}) = L.
Step 5: Reset the scanning interval I, by setting [, = rp and r, = b;.
Step6: Let C = {i:a; € I}. If C # @, set A = maxC; if |C| > 2,set u = max(C \ {A}).
Step 7: Set m**1(I;) = I and m5 1 (1) = I,,.
Step 8: If m(I) = I, output Dy,ec = {v,} and stop (Lemma 3.1).

Else if m**1(I}) and m5 ' 1(1) exist, then

Dec = Dec U {m* (L), m5H (1)} (by Lemma 3.2).

Else D¢ = Dec U {m*(Iy), m**1(I;)} (by Lemma 3.3).
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EndIf.

Step 9: Reset the scanning interval I, by setting [, = rp, and 1, = b,,.

Step 10: Scan the interval [ and find A = {i: 4; € I} and y = max{A}.

Step 11: Set m(m5 ! 1(L)) = I,..

Step 12: Reset the scanning interval I by setting [, = r, and rp = b,.

Step 13: Scan the interval [ and find B = {i : 4; € I} and A = max{A U B}.

Step 14: Set m**2(I;) = I,.

Step 15: If m(m];dl) exists, set I = [Amin, bx|, where by is the right endpoint of m(m';d1 (L)).
Else set I = [amin, by], where by is the right endpoint of m*+1(Iy).
Endif.

Step 16: Mark all intervals whose a; € I.

Step 17: Reset the scanning interval I by setting [, = r, and r, = b,, where b, is
the right endpoint of m**2(Iy).

Step 18: Find A = {4; : [; is an unmarked interval such that a; € I}.

Step 19: If A = @ then Stop.
Else Doc = D, U {m**2(I})} (by Lemma 3.4).
Endif.

Step 20: Set k = k + 1 and go to Step 17.

Step 21: Dy, = {v; : v; corresponding to the member I; of D, }.

End MECDSIG.

Scanning windows are interpreted as left-open and right-closed after their first use, so an
endpoint is processed once. A branch that does not define yu skips the later instructions that
depend on y and continues from the frontier supplied by Lemma 3.3. These conventions
are required for an implementable sweep.

When the above Algorithm MECDSIG is applied to the graph G shown in Figure 2,
it produces a minimum extended connected dominating set of G, given by Dy, =
{4,5,6,9}.

5| Correctness, Time and Space Complexity

Lemma 5.1. Assume that at every sweep frontier the exchange choices in Lemmas 3.2-3.4 preserve
a minimum-cardinality completion of the processed prefix. Then MECDSIG returns a minimum
ECDS of G.

Proof. Maintain three sweep invariants: (i) every processed vertex is extended dominated;
(i) the selected vertices induce a connected subgraph; and (iii) the selected prefix can
be extended to a minimum solution. Lemma 3.1 handles the singleton case. Otherwise,
Lemmas 3.2 and 3.3 initialize the invariants. Whenever an unprocessed left endpoint
lies beyond the current frontier, Lemma 3.4 advances to an adjacent rightmost candidate,
preserving connectivity and the assumed exchange property. The frontier increases strictly,
so the process terminates. At termination every interval is processed; hence the output is
an ECDS, and invariant (iii) gives minimum cardinality. O

Theorem 5.2. Given intervals already sorted by nondecreasing right endpoint, MECDSIG can
be implemented in O(n) time. If sorting is required, the total running time is O(nlogn).

Proof. Store the sorted interval endpoints in arrays and maintain forward-only pointers
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for the current scan, the largest candidate, the second-largest candidate, and the processed
frontier. Every pointer advances at most n times, and each interval is marked once.
All set insertions and frontier updates are constant-time array operations. The sweep
therefore costs O(n). Sorting arbitrary input intervals by right endpoint costs O(nlogn)
and dominates the total preprocessing time. O

Theorem 5.3. The algorithm MECDSIG requires O(n) memory space.

Proof. The endpoint arrays, marking array, and output set each use at most O(n) en-
tries. The remaining counters and pointers require constant space. Thus the total space
consumption is O(n). O

61 Real Applications

A real-world application of an extended connected dominating set (ECDS) in interval
graphs can be found in linear wireless sensor networks (LWSN), particularly in monitoring
linear infrastructures like railway tracks, pipelines, roads, or bridges.

Here, we consider the problem of monitoring a railway track network embedded with
wireless sensors.

Stepwise representation of efficient monitoring of a railway track through wireless
sensors using an interval graph model based on extended connected dominating set

Step 1: The proposed problem set up Suppose that a railway track is embedded with a
set of wireless sensors to monitor vibrations, cracks, or structural integrity. These sensors
communicate wirelessly and can only reach nearby nodes due to the limited range. Our
aim is to efficiently manage communication among sensors for energy-efficient routing
using a minimum number of active sensors, to ensure coverage and connectivity, data
aggregation, and fault tolerance.

Step 2: Model the network as an interval graph. Assume that each sensor embedded
on the railway track has a fixed communication range along the track. Let there be six
wireless sensors S, Sz, S3, Sy, S5, and Sg. Represent the range of sensor S; by I; = [a;, b;],
where a; = x; — 1, b; = x; 41, x; is the sensor position, and r is its communication radius.
Two sensor vertices are adjacent exactly when their intervals overlap.

For instance, let [; = [1,4], I, = [3,6], Iz = [4.5,7.5], Iy = [5.5,8.5], Is = [7,10], and
I = [8,11]. Each interval has length three, so the corresponding equal communication
radius is r = 1.5. The interval graph is shown in Figure 3.

Step 3: Computation of the least number of active wireless sensors that create a com-
munication backbone for the network

Applying MECDSIG to Figure 3 gives Dy,.c = {S3,S4}. The pair is connected, and every
other sensor is adjacent to a selected sensor or satisfies the distance-two redundancy
condition. No singleton is feasible, so the pair is minimum for this six-sensor instance.
Operationally, the selected sensors may be treated as a communication backbone while
nonselected sensors use reduced-duty modes. This graph-theoretic example does not by
itself prove energy savings or resilience to arbitrary sensor failures; those claims require a
radio-energy model and failure experiments.
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Figure 3. IG and its interval representation of the proposed railway network.

Limitations: The proposed graph model has some limitations that are mentioned below.

* The proposed model assumes that all sensors have a fixed and identical commu-
nication range, whereas in real railway environments, the communication range
may vary due to obstacles, weather conditions, signal interference, or hardware
limitations.

* Interval graphs are mainly suitable for linear railway tracks, not complex railway
networks.

* Sensor failures and battery depletion are not considered in the model.

* The solution does not address communication delay or network congestion issues.

71 Conclusion

In graph theory, domination is an important concept used to study the reliability and
weakness of communication networks, which can be represented by graphs. There are
several types of domination, depending on the properties of the dominating set. Among
them, extended connected domination (ECD) is particularly useful because of its practical
applications.

In this paper, we study structural properties of extended connected dominating sets
in right-endpoint-ordered interval graphs. Under the exchange conditions stated in
Lemma 5.1, the proposed sweep returns a minimum ECDS. With presorted endpoints and
forward-only pointers, the sweep uses O(n) time and O(n) space; arbitrary input requires
O(nlogn) sorting time.

In addition, we present a real-life application of our results. In particular, we show
how interval graphs and extended connected dominating sets can be used for efficient
monitoring of railway tracks using wireless sensor networks. Nevertheless, the proposed
approach is based on equal communication capabilities of sensors, is more suitable for
linear railway structures, does not incorporate possible sensor malfunction, and overlooks
practical factors such as transmission delay and network congestion.

As future work, we plan to design optimal algorithms for finding minimum ECDS in more
complex graph classes, such as communication networks, permutation graphs, circular-arc
graphs, and other intersection graphs.
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