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Abstract

Influence maximization is usually studied by assigning a single propagation probability to
each directed edge. In many real-world situations, however, experts and repeated calibration
provide several possible probability values instead of one fixed choice. This uncertainty is rep-
resented by hesitant fuzzy elements and is interpreted through two models: a weighted finite
scenario model and an independent edge-wise hesitation model. For the weighted scenario
model, the expected influence spread is proved to be normalized, monotone, and submodular
because it is formed as a nonnegative combination of live-edge reachability functions. Hence,
the classical greedy algorithm retains its (1 — 1/e) approximation guarantee. For the indepen-
dent edge-wise model, marginalization is shown to be exactly equivalent to the independent
cascade model with the weighted mean probability of each hesitant element. Lower and upper
hesitant envelopes provide monotone submodular spread bounds and computable certifi-
cates for every admissible edge-probability realization. A Lipschitz sensitivity bound relates
changes in expected spread to variations in edge probabilities. An explicit counterexample
shows that the pointwise minimum of correlated scenario spreads need not be submodular, so
robust optimization requires additional structure. The proposed framework preserves hesitant
uncertainty while maintaining mathematically valid approximation guarantees.

Keywords: Hesitant fuzzy set, Influence maximization, Submodular function, Independent
cascade, Greedy algorithm, Robust envelope.

1| Introduction

Influence maximization is studied to identify a small set of seed vertices that can maximize
the spread of information in a directed network. This problem has been given significant
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attention in social networks, recommendation systems, epidemic analysis, and viral
marketing, because the overall diffusion process is strongly affected by the selection of
suitable seed vertices. Under the independent cascade and linear threshold models, the
expected influence spread has been shown to be monotone and submodular, which allows
efficient approximation to be achieved through greedy optimization [1, 9].

Several scalable algorithms have later been developed to improve the efficiency of influ-
ence estimation on large networks. The computational cost has been greatly reduced by
reverse-reachable sampling and related optimization techniques, while theoretical guar-
antees have been preserved [3, 4]. However, a single propagation probability is assumed
by most existing methods to be assigned to every directed edge, and this assumption may
not be considered accurate enough for representing uncertain real-world environments.

In many soft-computing applications, propagation probabilities are not known precisely.
Instead, multiple plausible values may be obtained from expert opinions, repeated ob-
servations, different time periods, or calibration procedures. A natural mathematical
representation for this type of uncertainty is provided by hesitant fuzzy sets, because sev-
eral membership values can be associated with the same element [5]. Distance measures,
aggregation operators, and decision-making methods for hesitant fuzzy information have
also been extensively investigated [6, 8]. Nevertheless, useful uncertainty information
is removed when hesitant values are replaced by their arithmetic mean, whereas every
possible combination becomes computationally expensive to evaluate.

A theoretical framework is developed in this paper to integrate hesitant fuzzy information
with influence diffusion. Two different semantics are considered: a weighted scenario
model and an independent edge-wise hesitation model. The preservation of monotonicity
and submodularity is established, exact edge-wise marginalization is proved, and lower
and upper endpoint networks are constructed to bound every admissible realization.
Mathematically valid approximation guarantees are provided by the proposed framework,
while the uncertainty represented by hesitant fuzzy edge probabilities is maintained.

1.11 Motivation

Influence maximization models usually assume that every directed edge has one fixed
propagation probability. In practice, however, this assumption is often unrealistic because
social interactions are influenced by uncertain human behavior, changing environments,
and incomplete observations. As a result, several plausible probability values may be
obtained for the same edge instead of one reliable estimate.

Hesitant fuzzy sets provide a natural representation for this uncertainty by allowing
multiple possible values to be associated with a single edge. However, most existing
influence maximization methods either replace these values by their average or evaluate
all possible combinations, which may lead to the loss of uncertainty information or
excessive computational cost.

This work is motivated by the need for a mathematical framework that preserves hesitant
uncertainty while maintaining the theoretical properties of influence diffusion. Therefore,
weighted scenario modeling, independent edge-wise hesitation, and endpoint spread
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bounds are studied within a unified influence maximization framework.

1.2| Preliminaries

This section introduces the basic notation and mathematical concepts used throughout
the paper. These definitions provide the foundation for the hesitant fuzzy diffusion model
and the theoretical results developed in the following sections.

Let D = (V,E) be a finite directed graph, where V denotes the set of vertices and E
denotes the set of directed edges. The total number of vertices is represented by n = |V/|.
A directed edge (u,v) € E describes a possible influence from vertex u to vertex v.
Throughout this paper, the graph is assumed to be finite, and self-loops and parallel edges
are not considered.

The influence maximization problem is formulated by selecting a seed set S C V. All
vertices in S are activated at the beginning of the diffusion process, and the objective is
to maximize the expected number of activated vertices after the propagation process is
completed.

A hesitant fuzzy element (HFE) is defined as a non-empty finite subset of values in the
interval [0, 1]. Each value represents a possible propagation probability associated with
a directed edge. Instead of assigning one fixed probability, several plausible values are
allowed to describe uncertainty.

H, = {Pel/- . .,Pere} C [0/1]-

If importance weights are available, they are denoted by w,;, > 0 and satisfy ), w,, = 1.
For an unweighted hesitant fuzzy element, equal weights are assigned, that is, w,;, =
1/7.. These values are interpreted as propagation probabilities only when a probabilistic
diffusion model is considered; otherwise, they remain hesitant fuzzy membership grades.

A live-edge realization is obtained by retaining each directed edge independently accord-
ing to its propagation probability. The resulting graph is denoted by L. For a given seed
set S, the set of all vertices reachable in L is written as Ry (S).

Let p = (pe)eck be a fixed edge-probability vector. Under the independent cascade model,
each directed edge is given only one opportunity to activate its neighboring vertex after
its source vertex becomes active. The propagation process continues until no further
activation is possible. This live-edge interpretation is mathematically equivalent to the
independent cascade model [1].

The expected influence spread of a seed set is defined by

p(S) = Ep[IRL(S)[]

Here, 0, (S) represents the expected number of activated vertices, while Ry (S) denotes
the reachable set in the live-edge realization.

For convenience, the main notation used throughout the paper is summarized in Table 1.

A set function f : 2V — R is called monotone if its value never decreases when additional
vertices are included in the seed set. It is called submodular if it satisfies the diminishing-
returns property, where the marginal gain of adding a new vertex becomes smaller as the
seed set becomes larger [9].
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Table 1. Basic notation used throughout the paper.

Symbol Description

D = (V,E) Directed graph

\% Vertex set

E Directed edge set

S Seed set

H, Hesitant fuzzy element of edge e
Pe Propagation probability of edge e
L Live-edge realization

Rr(S) Reachable vertex set

0y (S) Expected influence spread

f(AU{o}) — f(A) = f(BU{v}) — f(B),
for A C Band v ¢ B.

Monotonicity guarantees that adding new seed vertices cannot reduce the expected
influence spread, whereas submodularity explains why greedy seed selection achieves
strong approximation guarantees. These properties form the mathematical basis of the
theoretical framework developed in the following sections.

2| Theoretical Framework

2.11 Weighted Hesitant Scenarios

Let Q) = {1,..., M} denote a finite collection of coherent scenarios. In each scenario r, a
complete edge-probability vector p(") is assigned to the network. The scenario weights
satisfy 6, > 0 and ), 0, = 1. The hesitant expected influence spread is defined as

M
Fo(S) = }_ 0:0, (S). (1)
r=1

This formulation allows correlations between edges to be preserved. For example, one
scenario may represent a high-engagement environment in which many edges simultane-
ously receive larger propagation probabilities.

Theorem 2.1. The hesitant expected influence spread is normalized, monotone, and submodular.
In particular, Fg(D) = 0, every seed set satisfies Fg(S) > |S|, and the diminishing-returns
property holds for Fy.

Proof. For a fixed scenario, let L be a live-edge graph. The deterministic reachability
function g7 (S) = |R1(S)| is monotone because adding new seed vertices cannot reduce
the reachable set. The marginal gain of a vertex is equal to the number of additional
vertices that become reachable, and this gain can only decrease when the seed set becomes
larger. Therefore, g1 is submodular.

Since expectation preserves linear inequalities, the spread function 0y 18 also monotone
and submodular. Finally, Fy is obtained as a nonnegative weighted sum of these spread
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functions, so both properties are preserved. The normalization and self-activation results
follow directly. O

Given a seed budget k, the greedy algorithm starts with the empty seed set So = @. At
each step, the vertex that gives the largest increase in the expected influence spread is
selected. The selected vertex is added to the current seed set until k vertices have been
chosen.
vt € argénax (Fo(St—1 U{v}) — Fg(S¢-1)) - (2)
Vg1

Theorem 2.2. Let Sq be the seed set obtained by the greedy algorithm, and let S* be the optimal
seed set with |S| < k. Then the greedy solution satisfies the classical (1 — 1/e) approximation
guarantee.

Proof. At each iteration, submodularity ensures that the remaining gap between the greedy
solution and the optimal solution is bounded by the sum of at most k marginal gains.
Therefore, the greedy algorithm captures at least 1/k of the remaining gap in every step.
By repeatedly applying this argument, the required recurrence is obtained, which directly
proves the (1 — 1/¢) approximation guarantee [9]. O

When influence spread is estimated by Monte Carlo simulation, an estimation error
is introduced. If every estimated marginal gain differs from its true value by at most
¢, uniformly over the candidates evaluated at each step, approximate greedy satisfies
Fg(Sg) > (1 —1/e)Fy(S*) — 2ke.

2.2| Independent Edge-Wise Hesitation

In the independent edge-wise model, each edge selects one value from its hesitant fuzzy
element independently according to the assigned weights. After the selection is completed,
the independent cascade process is performed on the resulting network. The weighted
mean probability of each edge is defined as

pe=E[P.] =} wenPen. (3)
h

Theorem 2.3. Under independent edge-wise hesitation, the unconditional live-edge indicators
remain independent Bernoulli random variables with parameters p,. Consequently, the expected
influence spread is exactly equal to the spread obtained from the mean probability vector.

Ep[op(S)] = 0p(5)
for every seed set S.

Proof. Let X, denote the live-edge indicator for edge e. Conditioned on P, the variable
X, follows a Bernoulli distribution with parameter P,. Taking expectation gives Pr(X, =
1) = E[P,] = p.. Since the edge selections are independent, the joint distribution of all
live-edge indicators is identical to that of independent Bernoulli variables with parameters
pe- Therefore, the complete live-edge process is equivalent to the independent cascade
model with the mean probability vector. O
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This result shows that edge-wise averaging preserves the expected influence spread under
the independence assumption. However, uncertainty, risk, and correlations between edges
are not preserved by averaging. When hesitant selections are correlated, the weighted
scenario model provides the correct mathematical representation.

The dispersion of a hesitant fuzzy element is defined by

d? = Zweh(peh - ﬁe)z-
h

Although the dispersion does not change the expected spread, it can be used as an
uncertainty measure or as part of a risk-sensitive objective. Such objectives require a
separate analysis because subtracting a variance term does not automatically preserve
submodularity.

2.31 Lower and Upper Hesitant Envelopes

Let
p. = min H,,gqquadp, = max H,.

Every admissible deterministic selection p satisfies p~ < p < p™ coordinatewise.

Theorem 2.4. For every S C V and every p €[], H,,

7, (S) < 0p(S) < 0,1 (S). @)

Both endpoint functions are monotone and submodular in S.

Proof. The proof is obtained by coupling all live-edge graphs through independent ran-
dom variables U, ~ Uniform[0,1]. An edge is declared live whenever U, < g, for a given
probability vector g. Since p~ < p < p™T coordinatewise, the corresponding live-edge
graphs satisfy

L(p™) € L(p) € L(p™).

The reachable sets preserve the same inclusion. Therefore, taking expectations directly
gives the spread bounds. The monotonicity and submodularity of both endpoint functions
follow from Theorem 2.1. O

For the Cartesian product uncertainty set, the common lower endpoint attains the mini-
mum for every fixed seed set:

min 6,(5) =0, (5),
Consequently, maximizing the lower-endpoint spread is exactly the max-min problem

over the product set, and greedy retains the (1 — 1/¢) guarantee for that robust objective.
This conclusion does not extend automatically to an arbitrary correlated scenario set.

For a correlated scenario set, define Fyin(S) = min, () (S). Although each scenario

spread is monotone and submodular, their pointwise minimum is not necessarily submod-
ular. Therefore, the classical greedy approximation guarantee cannot be applied directly
to a robust worst-scenario objective.
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To see this within the influence model, let V = {a,b, x,y} and consider two deterministic
scenarios. In scenario 1 the only live edge is @ — x; in scenario 2 the only live edge is
b — y. Restrict attention to seed choices from {a,b}. Then

Fmin({a}) = Fmin({0}) =1, Fmin({a,b}) =3, Fmin (&) = 0.

Thus Fin({4}) + Fnin({0}) = 2 < 3 = Fpin({a, b}) + Fmin (), which violates the two-set
submodularity inequality.

2.4| Sensitivity to Hesitant Grades

The following result provides a simple distribution-free bound for measuring the sensitiv-
ity of influence spread to changes in edge probabilities.

Theorem 2.5. For any two probability vectors p,q € [0,1]F and seed set S,

|‘7p(5)_‘7q(5>| S”Z|Pe_%|- (5)

ecE

Proof. A shared-uniform coupling is used for both probability vectors. For each edge,
the probability that the live-edge state differs is exactly |p, — g.|. By applying the union
bound, the probability that at least one edge differs is bounded by the sum of these
values. Whenever both live-edge graphs are identical, the reachable sets are also identical.
Otherwise, their sizes can differ by at most n. Taking expectation gives the required
Lipschitz bound. O

A tighter bound can be obtained by replacing n with the maximum number of downstream
vertices influenced by each edge. However, the Lipschitz bound is useful because it
immediately shows that if the total change in edge probabilities is at most €, then the
expected influence spread changes by at most ne.

2.5| Curvature-refined Approximation

Proposition 2.6. Let F be a normalized monotone submodular function with total curvature x.
For the cardinality-k problem and x > 0, greedy satisfies

K K

F(Sg) > 1 <1 _ (1 B %>k) F(5*) > 1 _e_KF(S*)-

The limit at k = 0 equals one.

Proof. The proof follows from the standard greedy recurrence together with the curvature
inequality, which preserves a larger fraction of the remaining marginal contribution at each
iteration. By repeatedly applying this recurrence, the curvature-refined approximation
bound is obtained [14]. O

Although the exact computation of total curvature is expensive for large networks, it can
be estimated from endpoint or sampled diffusion models. Such estimates help determine
whether the classical greedy bound is conservative for a given network.

In practical applications, different vertices may have different selection costs. Let ¢, > 0
denote the cost of selecting vertex v, and let B be the available budget. The optimization
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problem is extended by maximizing the expected influence spread while keeping the total
seed cost within the given budget.

max{Fy(S) : Z ¢y, < B}. (6)

veS

A cost-aware greedy strategy selects vertices according to the ratio of marginal gain to
cost. However, this strategy alone may ignore an individually valuable but expensive
vertex. A stronger (1 — 1/e) approximation is obtained by combining partial enumeration
with the greedy method under a single knapsack constraint [13]. The same guarantee also
applies to the lower and upper endpoint spread functions because both remain monotone
and submodular.

When costs are also represented by hesitant or interval values, the optimization should
be performed using a declared upper-cost realization. Using only the average cost may
produce a seed set that exceeds the actual budget in practice.

Expected spread alone may not fully describe the performance of a seed set across different
coherent scenarios. Therefore, three complementary measures are considered for any seed
set S:

us =Y _6:0:(5), vs =Y 0:(0v(S) — us)?, gs = mrinar(S).
r r
The triplet (us, /vs, qs) represents the expected spread, spread dispersion, and worst-case
performance of a seed set. These measures provide a practical way to compare candidate

solutions without changing the optimization objective. Thus, a reliable optimization
guarantee is preserved while a broader assessment of uncertainty is also obtained.

3| Applications

3.11 Exact Five-Vertex Example

To demonstrate the proposed model, a directed acyclic graph with five vertices is consid-
ered. The network contains the directed edges

1—2,1—3,2—4,3—4,4—5.

@)
0 (D—©)
(&)

Figure 1. Five-vertex directed acyclic graph used in the exact influence spread example.
In the displayed edge order, assign the unweighted hesitant fuzzy elements
Hyp ={4,5.6}, Hi3={34.5} Hu=1{5.26.7}

Hay ={2,4,6}, Hy=1{6.7 8}
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Under the independent edge-wise hesitation model, Theorem 2.3 gives the mean probabil-
ity vector

5= (05,0.4,06,0.4,07).

For the seed set S = {1}, vertices 2 and 3 are activated with probabilities 0.5 and 0.4,
respectively. Vertex 4 becomes active whenever at least one of the two independent paths,
1—+2—=40rl1— 3 — 4,islive. Because the two paths use disjoint edge sets,

Pr(4) =1—(1—.5-.6)(1—.4-.4) = 412.

Vertex 5 is activated only if vertex 4 is active and edge (4,5) is live. Hence, its activation
probability is obtained by multiplying the activation probability of vertex 4 by 0.7. The
expected influence spread will be

05({1}) =1+ .5+ 4+ 412 + .2884 = 2.6004. (7)

The same network is evaluated using the lower and upper endpoint probability vectors.
The resulting spreads verify that the mean-model spread always lies between the two
endpoint values, confirming the spread envelope established in Theorem 2.4.

At the lower endpoint p~ = (4,.3,.5,.2,.6),
Pr(4) =1— (1—.20)(1—.06) = 248, Pr(5) = .1488,
s0 0, ({1}) = 2.0968. At the upper endpoint p™ = (.6,.5,.7,.6,.8),
Pr(4) =1— (1 —.42)(1—.30) = .594, Pr(5) = 4752,
and 0+ ({1}) = 3.1692. Equation (4) is verified numerically:

2.0968 < 2.6004 < 3.1692.

Table 2 records exact mean-model spread for several one-vertex seeds. Because the graph
is acyclic and small, each number follows by elementary path-event calculations; no
simulation is required. Thus vertex 1 is the optimal single seed for the mean model.

Table 2. Mean-model spread for single seeds.

Seed Expected spread Calculation structure

(1} 2.6004 Eq. (7)

{2} 1+.6+.6(7)=20200 path2—4—5
{3} 1+4+.4(7)=1680 path3—4—5
(4} 1+ .7 = 1.7000 edged — 5

{5} 1.0000 no outgoing edge

A robust report should additionally compare the lower-envelope values rather than
assuming that this ranking persists automatically.
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3.21 Optimization Consequences

The five-vertex example permits exact two-seed calculations. With mean probabilities,
seed set {1,4} activates vertices 1 and 4 deterministically, vertices 2 and 3 with probabili-
ties .5 and .4, and vertex 5 with probability .7. Hence

0p({1,4}) =24 .5+ 4+ .7 = 3.6000.

The marginal contribution of vertex 4 to the empty seed set is

05({4}) —0p(2) =17,

whereas its contribution after selecting vertex 1 is

05({1,4}) — a5({1}) = .999.

The reduction is a concrete instance of diminishing returns: much of vertex 4’s downstream
effect is already reached from vertex 1.

Other pairs can be checked in the same way. For {1,2}, vertex 3 activates with probability
4. Vertex 4 activates either directly from seeded vertex 2 with probability .6 or through
the independent two-edge path 1 — 3 — 4 with probability .4(.4) = .16. Therefore

Pr(4] {1,2}) =1— (1—.6)(1 — .16) = .664,

and
O'p({l,Z}) =2+ .4+ .664 + .664(.7) = 3.5288.

For {2,3}, vertex 4 is reached through either outgoing edge with probability 1 — (1 —
6)(1 —.4) = .76, so the spread is 2 + .76 + .76(.7) = 3.292. These values are exact and can
serve as unit tests for an implementation.

Submodularity guarantees the classical (1 — 1/¢) approximation bound, but a stronger
guarantee can be obtained when the overlap between vertex contributions is smaller.
This improvement is measured by the total curvature, which represents the amount of
redundancy in the influence function. A value of ¥ = 0 indicates a modular function,
whereas values close to 1 indicate that some vertex contributions become highly redundant
in the presence of other vertices.

_ _F(V)—F(V\ {v})
K—l—rvrg‘r} F({o]) , 0<x<1.

When « = 0, the function is modular; when « is near one, some vertex contribution can
become almost redundant in the presence of all others.

(8)

3.31 Computational Considerations

The exact evaluation of ¢, (S) is generally #P-hard, and influence maximization is NP-
hard [1]. Monte Carlo simulation is commonly used to estimate the expected influence
spread, while the weighted scenario model increases the computational cost because each
scenario must be evaluated separately. Reverse-reachable sampling provides an efficient
alternative by sampling a scenario first and then generating the corresponding live-edge
graph. Under independent edge-wise hesitation, Theorem 2.3 removes the need to sample
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hesitant fuzzy elements, since the expected spread is computed directly from the mean
probability vector.

The efficiency of the greedy algorithm can be improved through lazy marginal evalua-
tion, where previously computed marginal gains remain valid upper bounds because of
submodularity. The CELF++ implementation reduces the running time without changing
either the optimization objective or its approximation guarantee [15].

For a threshold stopping rule, let A(v | S) denote the estimated marginal gain of vertex
v. Hoeffding’s inequality is used to control the estimation error because the cascade
size is bounded in [0, n] [12]. For reproducible experiments, the number of Monte Carlo
simulations, confidence level, random seed, and stopping rule should always be reported.

4| Results and Interpretation

The analytical results confirm that hesitant fuzzy uncertainty can be incorporated into
influence maximization without losing the fundamental properties of graph diffusion.
Both the weighted scenario model and the independent edge-wise hesitation model
preserve monotonicity and submodularity under their respective assumptions, allowing
the greedy algorithm to maintain its theoretical approximation guarantee.

3.17

3 [ -
5 2.6
S
= 2.1
&2 :
o
QL
o
8,
x 1 8
45|

O ! ! !

Lower Mean Upper

Figure 2. Comparison of lower, mean, and upper expected influence spread for the seed set

S ={1}.

Figure 2 compares the expected influence spread obtained from the lower, mean, and
upper probability models. The mean-model spread lies between the two endpoint values,
directly illustrating the spread envelope in Theorem 2.4. The increase from the lower
to the upper model also shows the effect of uncertain edge probabilities on influence
diffusion.

51 Conclusion

The proposed framework demonstrates that hesitant fuzzy edge probabilities can be
incorporated into influence maximization without losing its fundamental mathemati-
cal properties. Two different interpretations of hesitant uncertainty were studied: the
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weighted scenario model and the independent edge-wise hesitation model. Both models
preserve valid diffusion semantics under their respective assumptions.

Theoretical results show that the expected influence spread remains monotone and sub-
modular for weighted scenarios, allowing the classical greedy algorithm to retain its(
1—1/e approximation guarantee. For independent edge-wise hesitation, exact marginal-

ization proves that the mean probability vector produces the same expected spread as the
original hesitant model.Proceedings

The five-vertex analytical example verifies the proposed theory through exact path-event
calculations and confirms the lower, mean, and upper spread bounds. In addition, opti-

mization and computational analyses illustrate the practical applicability of the framework
for uncertainty-aware influence diffusion.

Future work may extend this model to dynamic social networks, competitive diffusion

processes, and data-driven estimation of hesitant edge probabilities from real-world
network observations.
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