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Abstract

This paper introduces a Spectral Hybrid Conjugate Gradient (SHCG) method for large-scale unconstrained
optimization. By modifying the Hestenes—Stiefel formula with a correction term and a safeguarded denominator, and
embedding it into a spectral framework, the proposed method combines the benefits of hybridization and spectral
scaling. The resulting algorithm guarantees sufficient descent independently of line search and ensures global
convergence under standard assumptions. Numerical experiments, including applications to image restoration,
demonstrate that the SHCG method achieves faster convergence and higher robustness compared with several

existing Conjugate Gradient (CG) algorithms.

Keywords: Unconstrained optimization, Spectral conjugate gradient method, Hybrid conjugate gradient method,
Global convergence, Image restoration.

1| Introduction
In this paper, we consider the following unconstrained optimization problem:

min f(x), @

XERM

in which f: R - R is a smooth function.

The Conjugate Gradient (CG) method is one of the most popular iterative algorithms for solving large-scale
unconstrained optimization problems due to its simplicity, low memory requirements, and favorable
convergence properties. In particular, nonlinear CG methods are designed to ensure global convergence
under mild assumptions. Originally proposed by Hestenes and Stiefel for quadratic functions and later
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extended to the nonlinear case by Fletcher and Reeves, CG methods have found wide applications in areas
such as signal processing, machine learning, and scientific computing. In general, the CG method generates
the next iterate according to

Xg+1 = Xk + dy, 2

in which xy is the cutrent iteration point, oy is a step size obtained using an inexact line search, and d, is the

search direction defined by the following recurrence relation:

_ - gk+1, if k - 0,
Giers = { — 8r+1 + Prdi,  if k=1, )
where gy denotes Vf(xy) and By is the conjugate parameter. One of the most popular techniques for
determining the step size ay is the Wolfe line search conditions:
f(Xk + akdk) < f(Xk) + Sakggdk. (4)
g(xi + i) Tdy > ogdy, ®)

in which 0 < § < 0 < 1. The goal of the strong Wolfe line search is to produce a step size oy that satisfies
Eg. (4) and the inequality that follows

|gCx + cyedi) Ty | < ogiedy, ©)
where 8 € (0,2) and 6 € (5, 1) [1].

Over the years, numerous variants of CG methods have been developed, each characterized by a distinct
choice of the conjugate parameter By. Classical examples include the formulas of Fletcher—Reeves (FR) [2],

Polak—Ribiere—Polyak (PRP) [3], Hestenes—Stiefel (HS) [4], Liu—Storey (LS) [5], Dai—Yuan (DY) [6], and
Conjugate Descent (CD) [7]. The following is a list of their respective specialised expressions:

T 2 T
HS _ Bk+1Yk FR __ ”gk+1” PRP __ Bk+1Yk
k — k — k =

dly, llgkll® llgxll?’

2 2 T
DY _ llgws1ll® cp _ lgwsall® 1s _ Bk+1¥k

e Y —dim T i
in which yy = gx41 — 8k and || - || denote the Euclidean norm. although for a strictly convex objective
function, all the above methods are equivalent. However, for general objective functions, these methods
exhibit distinct convergence behaviors: FR, DY, and CD are known for their global convergence guarantees,
while HS, PRP, and LS often demonstrate strong numerical performance but may fail to guarantee descent
or convergence without modifications.

To address these drawbacks, numerous modifications and hybrid approaches have been proposed. A
significant direction in this line of research is the construction of spectral CG methods, motivated by the
quadratic convergence property of Newton’s method and the efficiency of spectral step-size strategies
introduced by Barzilai and Borwein [8]. Spectral methods aim to enhance the theoretical structure of CG
algorithms by introducing a scaling factor that improves descent and convergence properties. Recent studies
have shown that spectral CG methods can ensure sufficient descent while maintaining global convergence
under the strong Wolfe conditions.

Another active line of research is the development of hybrid CG formulas, where different conjugate
parameters are combined to inherit the advantages of multiple methods simultaneously. By carefully blending
existing CG rules, hybrid methods often achieve a better balance between robustness and efficiency. For
instance, A combination of CG techniques from DL and WYL was proposed by Yao and Qin in [8].
Additionally, two hybrid approaches were proposed by Xu and Kong [9]: In the first, DY and HS CG
algorithms are combined linearly, and in the second, FR and PRP are combined. Kaelo and Narayanan, and
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[10] suggested a CG method that combines the DY and HS approaches, or their variants, in response to the
work of Xu and Kong [9]. Abubakr et al. proposed a hybrid three-term CG method with a combination of
CG techniques from HS and LS [11]. Using the convex combination of FR and PRP methods, Djordjevic
[12] suggested a hybrid CG method, where the conjugacy criteria are satisfied by the search direction, which
has been reported to yield improved performance in both theory and practice (see [13-17]).

Zhang [18] presents a hybrid conjugate parameter Bﬁybrid for the traditional two-term Dai—Liao CG method:

hybrid
K d

dg+1 = —8k+1 + B ko

where

ghvbrid _ i1 (Vi — tsk)
K max{yp dy, llgil12}

Motivated by these developments, this paper proposes a Spectral Hybrid Conjugate Gradient (SHCG)

™

method in which a new hybrid coefficient replaces the classical HS parameter. The hybrid parameter
introduces an additional correction term and a safeguarded denominator to enhance descent properties and
avoid instability. By embedding this hybrid update into the spectral CG framework, we establish an algorithm
that guarantees sufficient descent independent of the line search and enjoys global convergence under
standard assumptions.

The main contributions of this work can be summarized as follows:

1. We introduce a hybrid conjugate parameter that modifies the HS formula with an additional correction
term and safeguard.

II.  We incorporate this hybrid parameter into a spectral CG structure, thereby combining the advantages of
hybridization and spectral scaling.

III.  We prove that the resulting method ensures sufficient descent and global convergence.
IV.  We provide a structured algorithm that can serve as a basis for further numerical investigation.

In the following, we have an overview of the application of the CG method in image restoration. CGMs play
a crucial role in the optimization processes of compressive sensing and image restoration, and their integration
with deep learning techniques further enhances the efficiency and quality of signal and image restoration. In
order to recover images tainted by salt and pepper noise, Cai et al. [19] utilized CGM to minimize a
regularization function that preserves edges. A three-term CGM (TTCGM) was proposed by Chen and Zhou
[20] to solve the image restoration problems. Malik et al. [21], Cao and Wu [22], Yin et al. [23], and Liu et al.
[24] are some examples of more pertinent publications (see also [25-27]).

The remainder of this paper is organized as follows. Section 2 introduces the proposed SHCG algorithm and
establishes that, under suitable conditions, it generates search directions that satisfy the sufficient descent
property. Section 3 presents the global convergence analysis of the method. In Section 4, we report numerical
experiments, including an application to image restoration and Dolan—Moré performance profiles, to
compare the proposed algorithm with several existing CG methods. Finally, Section 5 concludes the paper
with a summary of findings and directions for future research.

2| Algorithm Description and Sufficient Descent Property

In this section, we present the proposed algorithm. We begin by defining the search direction dy, , following
the approach introduced in [11]:
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dice1 = —Mer18har + B, forallk >0, ®)

. T
. . hybrid Zi+1(Yk—tsK)
in which =——=h-t =
Bi max{yi dicllgicll}
that the search direction dy,4 fulfills the following condition:

dg41 = _sz(Xk+1)_1gk+1: )]

where V2f(x) ;1) € R™™ is the Hessian matrix of f at Xy, ;. In updating Eg. (8), the Newton method requires

and Ay, is a spectral parameter, where the parameter A4 is determined so

the Hessian, which contains second-order derivative details. This leads to fast convergence, with quadratic
convergence as its main strength. We assume that V2f(x),,) " is available at each iteration and fulfills an
appropriate secant condition, for example:

V(X4 1)k = Vi (10)
From Egs. (§) and (9), it can be derived that:

_ hybrid
—V2(Xy1) T 8ka1 = —Ak18ki1 + B die (11

This relation, combined with Eg. (70), shows that the Spectral Newton Method (SNM) takes the following

form:
—ST = - TVZf( ) + hybrid Tvzf d

k8k+1 = ~/k+15k Xk+1)8k+1 Bk S VAf(xk41)dy,

hybrid

—Sk8it1 = ~Mcr1VkBir1 T B Vi
Since any CG method constructed with the Newton structure exhibits only a local property, we replace Eg.
(9) with the well-known Dai—Liao conjugacy condition to design an algorithm with a global property. Pre-
multiplying Eg. (8) with y§ and combining with df, ,yi = —tsEgs1, we derive the spectral Dai-Liao (SDL)
structure as

T T hybrid_ T
—tSk k41 = —Mer1YRBke1 + B Vi i

After some algebraic calculations, we get
T T
tSk Bk+1 4 ghybrid_Yk di

Mep1 = .
YEgk+1 K yggk+1

Therefore, to ensure the sufficient descent property, the optimal SHCG is determined as follows.

Mer1” = max{1, Aiq} (12)

The selection of the parameter t can be determined as follows [28]:

Iy ll?
t= T
Sk Yk

13)
Using By and dy,q as defined in Eg. (7) and Egq. (8) respectively, we now present our algorithm.
Algorithm 1. SHCG algorithm.

Step 1. Given a starting point x; € R", parameters 0 < § <o < land € > 0. Setd; = —g; and k= 1.
Step 2. If ||gxll < &, then stop. Otherwise, proceed to S7gp 3.

Step 3. Compute the step size oy by the standard Wolfe line search strategy Egs. (4) and (5).

Step 4. Compute the spectral parameter Ay, using Eg. (12) with t from Eg. (13) and 817" from Eg. (7).
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Step 5. Obtain the search direction dyq at Xg4q by Eq. (8).
Step 6. Generate the next iterate by Eg. (2).
Step 7. Setk =k + 1, then proceed to Szep 2.

The SHCG method calculates the search direction dy,,, and we will now demonstrate its sufficient descent
propetty.

Lemma 1. Le{di}t and {gy} represent the direction sequences that the Algorithm produced, then it holds
that

gE+1dk+1 < _Q”gk+1”2- (14)

Proof: by using induction, the conclusion can be demonstrated. Given that ggd, = —|lgoll%, the conclusion
Eg. (14) holds for k = 0. Next, we will show that for all k > 0, the result Eg. (70) holds.

Note that using Eg. (5) and Eq. (6), we have

T T T T 1-0 ¢
Yk dk = 8k+1dk — 8kdk = —(1 — 0)gdy = 5 | e 1 die|-
This implies that

|gE+1dk|S o .
lyide] ~1-o0

15)
The preceding inequality is instrumental in demonstrating that the spectral hybrid method satisfies the
sufficient descent condition.

From FEgq. (12), it follows that A1, = 1. By employing the Wolf line search, we have ypd; > 0. Consequently,
the denominator in Bﬁybrid is strictly positive. Moreover, it holds that

max{yy di, [1gkll?} = yg di.

In addition, applying Powell’s inequality [29] yields the following inequality:

|8k 18k] < 02011 (16)

Since yx = gk+1 — 8w using Eg. (16), we get

|gE+1Yk| < ||gk+1||2 + |gE+1gk| < ||gk+1||2 + 0-2”gk+1”2 = 1-2”gk+1”2- a7
Pre-multiplying the Fg. (8) by gi., yields

T _ hybrid T
Sri1dki1 = A1l l® + Bky 8r+1dk

gE+1(Yk — ts) gT d
k k
max{yldy, llgill2}

= A1 llgrea lI? +

2
= s llen 112 + gE+1Yk gT dy — o (gE+1dk)
= +1118k+1 k
max{yrdy, llglI2} ~<* max{yy dy, llgkll?}
Si+1Yk
+
< Mrllgrall? +—=5— gr1dy
Yk Ak
T
8ik+1dk
< =il I + u |gE+1Yk|-

v di
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By applying the inequality Eq. (75) with Egq. (77) in the above inequality, we get

2 ° 2
< A1 lI8rall +m||gk+1|| ,

1.20
1—o0

IA

~ (Mo = 72 ) e,

— 2
= —ellgi+lI*.
. 1.2 .. .
To demonstrate the sufficient descent property, the term A1 — ﬁ must be positive. By setting @ = A1 —

% with o € (0, 0.4], thereby motivating the introduction of the SHCG method.

As a result, the proof has been completed.
3| Global Convergence

This section examines the global convergence of the suggested method under the following assumption.
Assumption 1. The set of levels A = {{x € R“}|f(x) < f(xo)} is bounded.

Assumption 2. There is a constant L > 0 in a neighborhood N of A such that the gradient of the function f
is Lipschitz continuous, and the function f is continuously differentiable, namely,

llg(x) —g@Il < Lllx—yll, forallx,y €N. (18)

Assumption 3.2 implies that there exists a constant m, such that

x—yT(gx) —g(y)) =m|x —yll? forallx,y €N, (19)

based on these assumptions on f, we have
lex)|l| <& forallx € A, (20)
in which § > 0 is a constant.

Lemma 2. Suppose that the sequences {xy}, {gx}, {di} ate determined by the SHCG Algorithm and the
step size oy is calculated using the Wolfe line search technique Egs. (4), (5). If Assumption 1 is correct, then

i(gﬁdk) <4
& lldill?

which is known as the Zoutendijk condition.

Using Egq. (14), we can also express it as

+o0
gl
|§W2<+w'
k=1 k

Lemma 3. Assume that Assumption 2 is true. If the step size oy satisfies the Wolf condition and dyy 1Is a

descent direction, then

(o — Ddigxk

o, =
K= LdI?
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Proof:

(0 — Ddigx < dic(8rs1 — 81) < lIgks1 — illlldill = Lagelldyll?,
Thus,

@ (0 — Ddygy

~ Llldkll?

According to Lemma 3, inequalities Egs. (6) and (70), we get that ay which is calculated in the SHCG method,
is not equal to zero, namely, there exists ¢ > 0 such that

o = @, forallk >0 (21

Theorem 1. Suppose Assumptions 1 and 2 hold. Let the sequences {gx} and {dx} be generated by the SHCG
method. Then

Jim inf llgi |l = 0. (22)
Proof: Assume that Eg. (22) does not hold. Then there exists a constant g > 0 such that

llgkll >

for al k 1. By Lipschitz continuity, we have

lyxll = l1gk+1 — gkll < Lllxk+1 — xkll < LD,

where D = max{||x — yl| : x,y € N} is the diameter of the level set N. From Eg. (7) we get

gE+1(Yk — tsk)
Vi di

gE+1(Yk — tsy)
max{yy dy, [lgil12}
- lgice Il ([|yie + tllsill]])
a Il el Tyl
- lIg1c+1 I (L + O Isill

m|[sy |||l
EL+1Y)

~ mlldgll”
From Egs. (8), (19), (23), we have

hybrid
8

)

)

(23)

)

hybrid
e s Il < i1 @rcea | + B

lldicll,

EL+1)
< + ————[dgll,
lecrnll +5 e el

L+t
= [lgisall + &9

m

<t+_rim=g,
m
where % = M, therefore

lldi+1ll < C. 24
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From Egq. (24), we can get

1 1

I — 25
= e, )

Thus, multiplying both sides of the above inequality by ||gk+111*, we have the following result

||gk+1||4 |ng+1||4
C2 7 |ldalI*

Summing up over k, we right away obtain that

= llgir I
llgisall* <
C2 Z Bk i lldicr 1%

This, together with Lemma 2, indicates that

+00

1 4

= D lgell* < +oo,
k=1

The above inequality implies that
lli_)f'g)”gkﬂ”4 =0

Therefore, we obtain that

lim gy Il = 0,

which completes our proof.

4| Numerical Experiments and Results

4.1| Unconstrained Optimization Problem

This section includes numerical experiments that assess the effectiveness of SHCG, SHS [11], CR, and DL+
[30]. Details about the test problems, which include 70 functions from [31], can be found in Table 1. All
implementations were carried out using MATLAB 7.14.0.739 (R2012a) on a desktop equipped with an AMD
Ryzen 7 PRO 5850U with Radeon Graphics 1.90 GHz, 16 GB of RAM, and the CentOS 6.2 Linux operating

system.

In our implementations, we chose § = 0.001 and o = 0.25 for the strong Wolfe line search conditions.
Furthermore, the algorithms were terminated when either k > 10000 or ||gy || < 107¢ (1 + |fi |) met certain
termination criteria. Additionally, the algorithm’s efficiency was evaluated using the performance profile
introduced by Dolan and Moté [32], focusing on the Total Number of Function and Gradient Evaluations
(ITNFGE), as defined in [33], along with CPU Time (CPUT), in accordance with the nomenclature from [34].
The findings are presented in Figs. 7 and 2, which clearly show that SHCG surpasses the three other methods.

Table 1. Numerical results for all methods.

Function n SHCG SHS CR DL+

TNF TIME TNF TIME TNF TIME TNF TIME
ARGLINA 200 12 5.35E-02 12 4.07E-02 12 3.59E-02 12 5.07E-02
BDEXP 5000 16 346E-02 16 3.66E-02 16 3.44E-02 16 3.51E-02

BIGGSBI1 5000 41129 4.88E+00 72911 6.25E+00 60674 5.56E+0054722 5.16E+00
BQPGABIM 50 284 1.70E-02 384 1.70E-02 294 1.70E-02 291  2.52E-02
BQPGASIM 50 284 1.88E-02 384 1.93E-02 294 1.50E-02 291  1.69E-02
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Table 1. Continued.

Function n SHCG SHS CR DL+

TNF TIME TNF TIME TNF TIME TNF TIME
BRYBND 5000 228 1.10E-01 383 1.48E-01 224 1.07E-01 233 1.11E-01
CHENHARK 5000 864 1.31E-01 1302 1.46E-01 0607 8.40E-02 888 1.19E-01
CHNROSNB 50 2292 6.34E-02 3823 9.03E-02 3697 8.71E-02 3087 7.67E-02
CLPLATEB 5041 43531 1.41E+01 74135 1.90E+01 60139 1.64E+01 52965 1.53E+01
COSINE 10000 49 7.09E-02 44 6.88E-02 50 7.12E-02 49 6.97E-02

CURLY10 10000 1328 495E-01 1101 3.63E-01 1113 3.58E-01 1236 4.13E-01
CURLY20 10000 2024 1.12E+00 2550 1.11E+00 2335 1.07E+00 1508 7.69E-01
CURLY30 10000 3001 221E+00 2797  1.62E+00 2354 1.47E+00 2269 1.52E+00

DECONVU 63 14876  4.10E-01 11196 2.62E-01 19467 4.79E-01 18419 4.47E-01
DIXMAANA 3000 36 2.68E-02 41 2.81E-02 43 2778E-02 40 2.70E-02
DIXMAANB 3000 32 246E-02 32 292E-02 41 293E-02 32 2.97E-02
DIXMAANC 3000 37 2.56E-02 32 3.23E-02 62 3.11E-02 32 2.81E-02
DIXMAAND 3000 42 2.81E-02 37 2.65E-02 50 3.14E-02 42 2.71E-02

DIXMAANF 3000 1174 1.68E-01 1846 2.12E-01 1166 1.64E-01 1058 1.50E-01
DIXMAANG 3000 1122 1.66E-01 2071 2.36E-01 1204 1.66E-01 1138 1.57E-01
DIXMAANH 3000 1162 1.69E-01 1602 1.87E-01 1270 1.73E-01 1050 1.46E-01
DIXMAANI 3000 12946 1.82E+00 17551 1.84E+00 19067 2.27E+00 18901 2.25E+00
DIXMAAN] 3000 1442 2.08E-01 2005 2.31E-01 1352 1.91E-01 1414 1.97E-01
DIXMAANK 3000 1266 1.85E-01 1867 2.19E-01 1230 1.75E-01 1218 1.70E-01
DIXMAANL 3000 1022 1.52E-01 1722 1.99E-01 1072 1.49E-01 1098 1.57E-01
DIXON3DQ 10000 41045 8.34E+00 73188 1.09E+01 60754 9.57E+00 54480 9.08E+00

DMN15102 66 72935 1.45E+02 84960 1.63E+02 74049 1.46E+02 75357 1.44E+02
DMN15103 99 78348 1.91E+02 117291 2.54E+02 87322 2.07E+02 92030 2.11E+02
DMN37142 66 70349 1.37E+02 77910 1.46E+02 71068 1.38E+02 73592 1.40E+02
DMN37143 99 78556 250E+02 166516 3.90E+02 98236 2.63E+02 146633 3.63E+02
DQRTIC 5000 4 2.13E-02 4 2.34E-02 4 222E-02 4 1.91E-02
DRCAVZLQ 4489 4 7.63E-02 4 8.02E-02 4 7.21E-02 4 7.88E-02
EDENSCH 2000 143 3.81E-02 154 3.81E-02 179 4.02E-02 151 3.82E-02
EG2 1000 22 1.38E-02 22 1.49E-02 22 1.56E-02 22 1.63E-02

EIGENALS 2550 56779 1.01E+02 72929 1.09E+02 63560 1.03E+02 60057 1.12E+02
EIGENBLS 2550 49263 9.99E+01 71819 1.24E+02 62113 1.22E+02 55531 1.15E+02
EIGENCLS 2652 53645 1.04E+02 71977 1.25E+02 63686 1.15E+02 59174 1.10E+02

ENGVAL1 5000 88 5.66E-02 88 5.41E-02 100 5.69E-02 148 6.33E-02
ERRINROS 50 6325 1.52E-01 89857 1.71E4+00 31007 6.24E-01 12209 2.54E-01
FLETCBV2 5000 4 448E-02 4 441E-02 4 441E-02 4 4.38E-02
FLETCBV3 5000 156 1.45E-01 156 1.35E-01 156 1.35E-01 156 1.36E-01
FLETCHBV 5000 148 1.30E-01 148 1.35E-01 148 1.32E-01 148 1.35E-01

FMINSRF2 5625 1730 4.73E-01 2713 6.23E-01 2100 5.34E-01 1863 4.87E-01
FMINSURF 5625 2913 8.16E-01 5092 1.17E+00 4107 1.04E+00 30611 9.35E-01

GENHUMPS 5000 4 3.00E-02 4 3.00E-02 4 294E-02 4 3.03E-02
GENHUMPS 5000 4 4.89E-02 4 5.13E-02 4 455E-02 4 4.94E-02
LIARWHD 5000 365 8.84E-02 569 1.07E-01 162 592E-02 514 1.00E-01
MANCINO 100 89 1.55E-01 84 1.45E-01 89 1.54E-01 89 1.57E-01

MSQRTALS 1024 33374 1.44E+01 40941 1.48E+01 62080 2.33E+01 55728 2.19E+01
MSQRTBLS 1024 18078 7.84E+00 27406 9.90E+00 46743 1.77E+01 34270 1.36E+01
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Table 1. Continued.

Function n SHCG SHS CR DL+
TNF TIME TNF TIME TNF TIME TNF TIME
NONCVXU2 5000 4 3.36E-02 4 2774E-02 4 294E-02 4 3.14E-02

NONDQUAR 5000 22096 248E+00 24406 2.49E+00 27236 3.01E+00 28916 2.95E+00
PENALTY1 1000 356  2.56E-02 401 2.39E-02 310 2.18E-02 269 2.21E-02

PENALTY2 200 4 1.05E-02 4 7.64E-03 4 1.83E-03 4 9.08E-03
POWELLSG 5000 439  8.16E-02 1332 1.56E-01 4870 5.12E-01 947 1.25E-01
POWER 10000 2151 4.62E-01 06092 9.38E-01 3581 6.81E-01 2771  5.03E-01
QUARTC 5000 4 2.05E-02 4 1.88E-02 4 1.91E-02 4 2.10E-02

SCHMVETT 5000 105  9.27E-02 110  9.46E-02 114 9.69E-02 124 9.63E-02
SENSORS 100 134 2.11E-01 143  2.19E-01 137 2.15E-01 139 2.22E-01
SPARSINE 5000 55969 2.86E+01 73537 3.39E+01 64884 3.11E+01 62698 3.02E+01
SPARSQUR 10000 372  2.06E-01 508  231E-01 340 1.80E-01 332 1.80E-01
SPMSRTLS 4999 1238 3.72E-01 1797 4.64E-01 1477 4.04E-01 1258 3.63E-01
SROSENBR 5000 128  3.67E-02 316  5.09E-02 112 3.63E-02 215 4.26E-02
TESTQUAD 5000 49539 4.82E+00 73195 5.65E4+00 62095 5.02E+00 55795 4.72E+00
TOINTGSS 5000 20 342E-02 20 3.51E-02 20 3.33E-02 20 3.35E-02
TOINTPSP 50 710 2.68E-02 832  2.72E-02 735 242E-02 725 2.28E-02
TOINTQOR 50 168 1.24E-02 206 1.38E-02 178 1.19E-02 163 1.39E-02
TQUARTIC 5000 190  8.48E-02 409  997E-02 178 8.08E-02 254 8.60E-02
TRIDIA 5000 12014 1.35E+00 26172 2.20E4+00 31649 2.75E+00 21102 1.95E+00
VARDIM 200 8 1.18E-03 8 7.66E-03 8 4.15E-03 8 1.34E-03

........ RN Y T
lllllllllllll , e
SHCG
— = —SHS
CR
————— DL+
25 3 35 4

W

Fig. 1. Comparison based on TNFGE with the strong wolfe line search.
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w
Fig. 2. Comparison based on CPUT with the strong wolfe line search.

4.2 | Application to Image Restoration Problems

In this subsection, we demonstrate applying the suggested techniques to an image reconstruction problem in
the sections that follow, offering a practical case study. Images frequently suffer from impulse noise caused
by faulty sensors or transmission channels. This type of noise is one of the most prevalent models, where
only a subset of the pixels is affected, resulting in a complete loss of information for those specific pixels. To
reliably recover the original image, various image-related applications typically require effective noise
suppression techniques. These issues are often viewed as complex optimization challenges due to their
nonsmooth structures. Recently, researchers have focused on developing nonlinear CG algorithms to tackle
such nonsmooth optimization problems; see, for instance [22], [35-38]. In this section, we address the

problem of smooth image reconstruction presented in [38]:

min Y(u),

where
1
Llj(u) = Z Z (pot(uij - Zmn) + E z (Pot(uij - umn) .
(i,j)EN (m,n)EVi]-\N (m,n)EVi]‘ﬂN
In which

N ={(@,j) €A | Gj # $ij,$j = Smin O Smax)-

The index set for the noise candidate is denoted as follows: let X represent the true image composed of M X N
pixels, where Xj; indicates the gray level at the pixel location (i,j) for all (i,j) € A = {1,2, ..., M} X {1,2, ..., N}.
The neighborhood around the pixel (i, j) is given by Vi; = {(i,j — 1), (,j + 1), (i — 1,j), (i + 1,j)}. The observed
image, , reflects the true image X but is affected by salt-and-pepper noise. The image { is derived by applying
an adaptive median filter to the noisy image {. Additionally, Syin and Spax tepresent the minimum and

maximum values of a noisy pixel, respectively. We utilize the edge-preserving functional ¢, defined as
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@ (t) =Vt? + a, based on the recommendation in [38]. In our experiments, we set « =1 due to the

satisfactory numerical results observed across various choices of a in the set {0.5k}2 .

In this analysis, the images of Lena, Cameraman, and Goldhill, each with dimensions of 256 x 256 pixels and
represented in gray scale, have been used as test cases. Additionally, the Wolfe line search condition and the
methods' stopping criteria have been upheld in accordance with those established in the first part of our
numerical tests. As illustrated in Figs. 3-5, all three methods appear to effectively reconstruct the images. To
quantitatively evaluate the results, we analyze the computation time (CPUT in seconds), the Relative Error
(RelErr) [39] expressed as a percentage, and the peak signal-to-noise ratio (PSNR) [38] measured in decibels
(dB) of the restored image. These metrics are defined as follows.
[IX* —X]| 2552
——— PSNR = 10 10g10 1 ]

X1 —||X*—X||2
M x N F

RelErr = 100

where X* represents the recovered image. The results can be found in Tubles 2—4. As seen in Tables 3 and 4,
SHCG is better than the other (image reconstruction) methods in the viewpoints of RelErr and PSNR.

(o ir) (s 0]

Fig. 3. The noisy images corrupted by 25% salt—and—pepper noise; (a)—(d). the
restored images via SHCG, (e)—(h). SHS: (i)—(1), CR: (m)—(p), and (q)—(t): DL+.
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(m) (o} (p!

(g () (s (t

Fig. 4. The noisy images corrupted by 50% salt—and—pepper noise; (a)—(d). the
restored images via SHCG, (e)—(h). SHS, (i)—(1). CR, (m)—(p). (q)—(t). DL+.
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Fig. 5. The noisy images corrupted by 75% salt—and—pepper noise: (a)—(d), the

restored images via SHCG: (e)—(h), SHS: (i)—(1), CR: (m)—(p), and DL+ : (q)—(t).

Table 2. Image restoration outputs based on CPUT.

Noise Method Lena

Cameraman Goldhill Bird

25%  SHCG  7.9456
SHS 6.3199
CR 6.3494
DL+ 6.3105

8.1408
6.5682
6.4865
6.4849

50% SHCG  13.3288 16.1313
SHS 128453 15.5334
CR 13.1730 15.4926
DL+ 13.1701 15.5204

6.5357
4.9054
4.8749
4.9136
13.2541
12.7244
9.7520
9.6922

6.4269
4.8875
4.8041
4.8824
10.3361
9.8355
9.8917
9.8581
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Table 2. Continued.

Noise Method Lena  Cameraman Goldhill Bird

75%  SHCG  19.2746 23.5000 19.1639 15.1018
SHS 19.6828 23.4501 19.0108 14.7828
CR 23.8405 23.5018 18.9533 14.6865
DL+ 23.6793 23.5130 19.0416 14.8335

Table 3. Image restoration outputs based on RelErr.

Noise Method Lena Cameraman Goldhill Bird

25% SHCG 0.7959  1.1330 0.8094 0.2875
SHS 0.7965 1.1373 0.8097 0.2875
CR 0.7945 1.1328 0.8090 0.2875
DL+ 0.7945 1.1323 0.8092 0.2875
50%  SHCG 1.3697 1.7262 1.3459 0.6428
SHS 1.3715 1.7273 1.3478 0.6428
CR 1.3669 1.7233 1.3187 0.6428
DL+ 1.3667 1.7223 1.3196 0.6428
75%  SHCG 2.1338 2.9029 2.3227 0.8990
SHS 21388 2.9072 2.3297 0.8990
CR 2.2008  2.8943 2.3067 0.8991
DL+ 2.1996 2.8915 2.3063 0.8991

Table 4. Image restoration outputs based on PSNR.

Noise Method Lena Cameraman Goldhill Bird

25%  SHCG 34.4768  31.7427 33.1534  42.6791
SHS 34.4731 31.7188 33.1545  42.6791
CR 34.4876  31.7510 33.1613  42.6791
DL+ 34.4878 31.7513 33.1603  42.6787
50%  SHCG 30.4249  27.4956 29.4329  37.1953
SHS 30.4136  27.4929 29.4216  37.1953
CR 30.4483  27.5049 29.5888  37.1951
DL+ 30.4479  27.5080 29.5860  37.1941
75%  SHCG 27.0436  24.2538 26.6196  33.8247
SHS 27.0238  24.2446 26.5953  33.8245
CR 26.8054 24.2747 26.6792  33.8244
DL+ 26.8093  24.2804 26.6783  33.8242

5| Conclusion

This work presented a SHCG method for large-scale unconstrained optimization. By integrating a corrected
Hestenes—Stiefel scheme with spectral scaling, the method ensures sufficient descent and global convergence,
independent of the line search. Extensive numerical experiments, particularly on image restoration, confirmed
its superiority in terms of speed, robustness, and solution quality over several state-of-the-art CG variants.
We believe that the SHCG framework provides a promising direction for designing next-generation
optimization algorithms with broad applicability in science and engineering,
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  = − ϱ    ‖  g  k + 1 ‖ 2 .


  = − ϱ    ‖  g  k + 1 ‖ 2 .


   λ  k + 1 ‎ −   1 . 2 σ  1 − σ


  ϱ =  λ  k + 1 ‎ −   1 . 2 σ  1 − σ


  σ ∈ ( 0 ,   0 . 4 ] ,


  Λ =  {   { x ∈  ℝ n } |  f ( x ) ≤ f (  x 0 ) }


  L > 0


  N


  Λ


  f


  f


  m


     ( x − y ) T  ( g  ( x ) − g ( y ) ) ≥ m    ‖ x − y ‖ 2 ,   for   all   x , y   ∈ N ,


  f


   ‖ g ( x ) ‖ ≤ ξ ,             for   all   x ∈ Λ ,


  ξ > 0


   {  x k } ,      {  g k } ,      {  d k }


   α k


    ∑  k = 1  + ∞       (  g k T  d k ) 2     ‖  d k ‖ 2 < + ∞ ,


    ∑  k = 1  + ∞       ‖  g k ‖ 4     ‖  d k ‖ 2 < + ∞ .


   α k


   d  k + 1


   α k ≥    ( σ − 1 )  d k T  g k  L    ‖  d k ‖ 2 .


   ( σ − 1 )  d k T  g k ≤


   d k T  (  g  k + 1 −  g k ) ≤  ‖  g  k + 1 −  g k ‖  ‖  d k ‖ = L  α k    ‖  d k ‖ 2 ,


   α k ≥    ( σ − 1 )  d k T  g k  L    ‖  d k ‖ 2 .


   α k


  φ > 0


   α k ≥ φ ,       for   all   k ≥ 0


   {  g k }


   {  d k }


     lim  k → ∞ ⁡   inf ⁡     ‖  g k ‖ = 0 .


  μ > 0


   ‖  g k ‖ > μ ,


  k


   ‖  y k ‖ =  ‖  g  k + 1 −  g k ‖ ≤ L  ‖  x  k + 1 −  x k ‖ ≤ LD ,


  D = max  {  ‖ x − y ‖   : x , y ∈ N }


  N


   |  β k hybrid | =  |    |


  ≤  |    ‖  g  k + 1 ‖  (  ‖  y k + t  ‖  s k ‖ ‖ )   ‖  d k ‖  ‖  y k ‖ | ,


  ≤    ‖  g  k + 1 ‖  ( L + t )  ‖  s k ‖  m  ‖  s k ‖  ‖  d k ‖ ,


  ≤   


   ‖  d  k + 1 ‖ ≤  ‖    λ  k + 1 g  k + 1 ‖ +  |  β k hybrid |  ‖  d k ‖ ,


  ≤  ‖  g  k + 1 ‖ +   ξ  ( L + t )  m  ‖  d k ‖  ‖  d k ‖ ,


  ≤  ‖  g  k + 1 ‖ +   ξ  ( L + t )  m  ‖  d k ‖  ‖  d k ‖ ,


  =  ‖ ‖


  ≤ ξ +   ξ  ( L + t ) m = ξ + M = C ,


    ξ  ( L + t ) m = M ,


   ‖  d  k + 1 ‖ ≤ C .


   1   C 2 ≤  1     ‖  d  k + 1 ‖ 2 .


     ‖  g  k + 1 ‖ 4


       ‖  g  k + 1 ‖ 4   C 2 ≤      ‖  g  k + 1 ‖ 4     ‖  d  k + 1 ‖ 2 .


  k


   1   C 2   ∑  k = 1  + ∞     ‖  g  k + 1 ‖ 4 ≤   ∑  k = 1  + ∞       ‖  g  k + 1 ‖ 4     ‖  d  k + 1 ‖ 2 .


   1   C 2   ∑  k = 1  + ∞     ‖  g  k + 1 ‖ 4 < + ∞ .


     lim  k → ∞ ⁡     ‖  g  k + 1 ‖ 4 = 0 .


     lim  k → ∞ ⁡   ‖  g  k + 1 ‖ = 0 ,


  δ = 0 . 001


  σ = 0 . 25


  k > 10000


  | |  g k   | | <  10  − 6   ( 1 + |  f k   | )


  ‎ ‎ min   ψ ( u ) ‎ , ‎


  ‎ ‎ ψ  ( u ) =   ∑   ( i , j ) ∈ 𝒩 ‍  {   ∑   ( m , n ) ∈  V ij \ 𝒩 ‍ ‎ ‎  φ α  (  u ij −  ζ mn ) +  1 2   ∑  ( m , n ) ∈  V ij ∩ 𝒩 ‍  φ α  (  u ij −  u mn ) } . ‎


  ‎ ‎ 𝒩 = { ( i , j ) ∈ A     |        ζ - ij ≠  ζ ij ‎ , ‎  ζ ij =  s min       or        s max } ‎ . ‎


  X


  M × N


   X ij


  ( i , j )


  ( i , j ) ∈ A = { 1 ‎ , ‎ 2 ‎ , ‎ … ‎ , ‎ M } × { 1 ‎ , ‎ 2 ‎ , ‎ … ‎ , ‎ N }


  ( i , j )


   V ij = { ( i , j − 1 ) , ( i , j + 1 ) , ( i − 1 , j ) , ( i + 1 , j ) } .


  ζ


  X


   ζ -


  ζ


   s min


    s max


   φ α


   φ α ( t ) =   t 2 ‎ + ‎ α


  α = 1


  α


  { 0 . 5 k  }  k = 10 10


  256 × 256


  ‎ ‎ RelErr = 100   | |  X ∗ − X | |  | | X | | ,     PSNR = 10      log 10   25  5 2   1  M × N | |  X ∗ − X |  | F 2 ‎ , ‎


   X ∗

